Abstract -This paper proposes new delay-dependent robust stability criteria for neural networks with time-varying delays. By construction of a suitable Lyapunov-Krasovskii's (L-K) functional and use of Finsler's lemma, new stability criteria for the networks are established in terms of linear matrix inequalities (LMIs) which can be easily solved by various effective optimization algorithms. Two numerical examples are given to illustrate the effectiveness of the proposed methods.
Introduction
Neural networks (NNs) have been received considerable attentions due to their extensive applications such as combinatorial optimization, signal processing, pattern recognition, associate memory, knowledge acquisition, and so on [1] - [14] . In the implementation of neural networks, there exists time-delay due to the finite speed of information processing. It is well known that time-delay often causes undesirable oscillation, poor performance, and instability of the networks. Since the stability issue is a prerequisite to the applications of NNs, various approach to stability criteria for NNs with time-delay have been investigated in the literature [5] - [8] and references therein.
The stability criteria for systems including time delays can be classified into two categories according to their dependence on the size of the time-delay: delaydependent ones and delay-independent ones. Since the delay-dependent stability criteria include the information on the size of delay, they are generally less conservative than the delay-independent ones particularly when the size of time-delay is small. Therefore, a great number of results on delay-dependent stability conditions for timedelay systems have been reported in the literature [9] - [11] .
On the other hand, the well-known Takagi-Sugeno (T-S) fuzzy model [12] is recognized as an efficient tool in approximating a complex nonlinear system. The T-S fuzzy modeling is a multi-model approach in which some linear models are blended into an overall single model through nonlinear membership functions to represent the nonlinear dynamics. Based on the T-S fuzzy model, the stability conditions for fuzzy systems with time-delay are addressed in [13] - [16] . In [13] , by a simple analytic method, a sufficient condition for asymptotic stability of uncertain fuzzy systems with interval time-varying delay was expressed in the form of LMIs. By considering ignored terms in estimating upper bounds of the derivative of L-K functional, a further improved delay-dependent stability conditions for T-S fuzzy systems with timevarying delays were presented in [14] . By using of the theory of topological degree and applying the properties of nonsingular M-matrix, sufficient conditions for the existence, uniqueness and global asymptotic stability of equilibrium point have been established for fuzzy cellular NNs with time-varying delays [15] . In [16] , the problems of robust stability for T-S fuzzy Hopfield NNs with time-varying delay based on a delay decomposition approach were considered.
In this paper, we propose new delay-dependent stability criteria for uncertain fuzzy NNs with timevarying delays. By constructing a suitable L-K functional and utilizing Finsler's lemma with no free-weighting matrices technique, new stability criteria are derived in terms of LMIs which will be driven in Theorem 1. And based on the results of Theorem 1, a further improved stability criterion, Theorem 2, is proposed by adding triple-integral term with free-weighting matrices. Two numerical examples are included to show the effectiveness of the proposed method. 
Problem Statements
Consider the following uncertain NNs with time- are the parametric uncertainties of system matrices, and  are the time-varying delays satisfying
where   is a positive scalar and   is a any constant one.
In this paper, it is assumed that the activation functions satisfy the following condition: Assumption 1. The neurons activation functions   ⋅ are assumed to be non-decreasing, bounded and globally Lipschiz; that is
where    and    are constant values.
It should be noted that by using the Brouwer's fixed-point theorem, it can be easily proved that there exists at least one equilibrium point for system (1) [6] . 
where
and      is the grade of membership of    in   .
It is assumed that
Then, we have the following condition
Let us define
(11) Then, system (7) can be rewritten as
In order to investigate the delay-dependent stability analysis for uncertain T-S fuzzy NNs with time-varying delays (12), we introduce the following facts and lemmas. 
The following statements are equivalent:
Lemma 2. For any constant matrix   , the following inequality holds:
Proof. By Jensen's inequality [10] , Eq. (13) is obtained.
Moreover, the following inequality holds
By using Fact 1, Eq. (15) is equivalent to the following
Integration of (16) 
Therefore, the inequality (17) 
and  is free weighting matrix with appropriate dimensions. Proof. From Fact 2, the following inequality holds
From (19), we obtain
Therefore, the inequality (19) is equivalent to the inequality (18) . This complete the proof. ■
Main Results
In this section, we propose stability criteria for system (12) . Before introducing our main result, the notations are defined for simplicity:
Now, we have the following theorem. 
where             are defined in (21) , and   ⊥ is the right orthogonal complement of   
Proof. Let us consider the following L-K functional candidate as
The time-derivative of   is obtained as
We can obtain an upper bound of the time-derivative of   as follows
Calculating the time-derivative of   leads to
By Lemma 2 and the method of [20] , the first integral term in (28) can be estimated as 
Calculating    gives that Also, the system (12) with the augmented vector  can be rewritten as
where   is defined in Eq. (21) and  is in Eq. (18).
Therefore, an asymptotic stability condition for system (12) is 
Note that 
where (43) was utilized in (44).
Therefore, by convex-hull properties, if the LMIs (22) and (23) satisfy, then the inequality (44) holds. This means that system (12) is asymptotically stable. This completes our proof. ■ Theorem 1 is derived by the L-K functional without free-weighting matrices. By employing free-weighting matrices, a further improved delay-dependent stability criterion can be obtained, which will be introduced in Theorem 2.
For the sake's of simplicity, we define the following notations:
Here,     is defined in (21). 
where          and      are defined in (21) and   ⊥ is the right orthogonal complement of    Proof. Let us choose the following L-K functional candidate with free-weighting matrices as
where      is the same L-K functional used in Theorem 1, and
Using Lemma 3, we have upper bound of the time-derivative of     as
Similarly, an upper bound of the time-derivative of   can be calculated as
From ( 
From Fact 1, inequality (55) is equivalent to
By the properties of convex-hull, inequality (56) holds if the following two inequalities are satisfied
Using Fact 1, the above inequalities (57) and (58) Remark 2.
Since a delay-partitioning idea was firstly proposed in [21] , it is well known that delay-partitioning Remark 3. In the field of delay-dependent stability analysis, one of major concerns is to get maximum delay bounds with fewer decision variables [22] - [24] . By use of
Finsler lemma, one can eliminate free variables which were used in zero equalities in the works [24] - [25] . From 
Numerical Examples
In this section, we provide two numerical examples to show the effectiveness of the proposed stability criteria. confirm the feasibility of our obtained results in Theorem 2 when   is unknown, Fig.1 , -189.5120×10 -6 , -109.5628×10 -9 , -7.8198×10 -9 , -7.5098×10 -9 , -6.3338×10 , -108.7359×10 -9 , -7.8198×10 -9 , -7.3497×10 Figure 2 show that the system (60) responses converge to zero for chosen initial values of the state.
Conclusions
In this paper, the delay-dependent stability criteria for the uncertain fuzzy NNs with time-varying delays have been proposed. To do this, the suitable L-K functional is used to investigate the feasible region of stability criteria.
Two numerical examples have confirmed the effectiveness and usefulness of the presented criteria.
